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Abstract. We consider the propulsion of micron-scale chiral objects by electromag-
netic fields in fluids – a problem with broad applications in microfluidics, pharmaceu-
tics, and biomedicine. Because of the small size of the moving objects, the propulsion
can be described by the Stokes equation possessing the time-reversal invariance. We
propose a method of evaluating the propulsion velocity based on the Green’s function
of the Stokes equation. As an illustration, we first use it to provide a simple deriva-
tion of the classic Stokes law for a sphere moving in a viscous fluid. We then use
this method for describing the propulsion of helical bodies, evaluate the propulsion
velocity, and find that it does not depend on the viscosity of the fluid as long as the
Reynolds number remains small. As an application, we describe recent experimental
results on the propulsion of nano-propellers by electromagnetic fields in water, with
a good agreement with the data. We also discuss applications to optofluidic chiral
sorting of molecules by rotating electromagnetic fields and circularly polarized light.
1. Introduction
Chirality – the lack of symmetry between left and right – is a ubiquitous concept in
physics, chemistry, and biology. Chirality is closely related to motion – for example,
rotation of a rigid chiral screw in the viscous fluid creates a translational motion, the
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effect utilized by Archimedes in the 3rd century BC. Long before Archimedes, Nature
realized how to use this effect to propel bacteria and other microorganisms.
It is instructive to analyze the motion of Archimedes’ screw from the point of view
of discrete symmetries. The translational velocity ~V of the screw is a vector, i.e. a
quantity that is odd under parity transformation P that interchanges left and right.
On the other hand, the angular momentum of the screw ~Ω is a pseudo-vector that is
even under P . Therefore, the translational motion of a rotating screw described by the
relation
~V = α ~Ω (1)
necessarily requires the breaking of parity invariance, i.e. the rotating object has to
possess chirality. In other words, the quantity α has to be P-odd.
One can also observe that both the velocity ~V and the angular momentum ~Ω are
odd under time-reversal transformation T – if the film is rolled backwards, both the
velocities and the angular momenta change signs. This means that the quantity α
in (1) is even under T , and the translational motion of the screw does not have to
be accompanied by the breaking of time reversal invariance. This observation is not
trivial, since the propulsion of a rotating screw in the fluid requires a non-zero viscosity,
and viscosity describes dissipative processes. Dissipation leads to the production of
entropy, and thus to the emergence of the arrow of time that breaks the time reversal
invariance. Nevertheless, the symmetry properties of (1) allow the propulsion of chiral
objects without dissipation. In particular, the T -even coefficient α in (1) cannot be
(inversely) proportional to the T -odd viscosity. This property of chiral propulsion is in
sharp contrast to the Stokes law for a sphere moving in the fluid, where the sphere’s
velocity is inversely proportional to the viscosity. However, below we will confirm this
surprising property of chiral propulsion by an explicit computation.
One can also observe that the rotation is the simplest example of a T -odd motion,
but other movements of the body that break time reversal invariance could also lead to
propulsion.
The key role of time-reversal invariance in propulsion of small chiral objects had
been discussed in the seminal 1976 paper by Purcell [22]. To outline his argument, let
us consider the Navier-Stokes equation describing the fluid motion around a moving
object:
−∇P + η∇2v + fext = ρ
(
∂v
∂t
+ v ∇v
)
, (2)
where P is the pressure, fext is an external force, v is the velocity of a fluid element,
and η and ρ are the shear viscosity and the density of the fluid, respectively. Note that
this equation contains an explicit dependence on time, and implies the breaking of time
reversal invariance by viscous effects – the r.h.s. of (2) is even under T , while the term
∇2v on the l.h.s. is T –odd (recall that velocity is v = dx/dt, so it changes sign under
time reversal). This requires the shear viscosity η to be odd under T , consistent with
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our expectations for a quantity describing dissipation. Therefore the motion described
by the Navier-Stokes equation in general breaks the time-reversal invariance. Shapere
and Wilczek gave an elegant formulation of the T -breaking character of swimmers at
low Reynolds number in terms of an effective gauge field over the space of shapes [25].
Let us assume that a characteristic size of the object moving in the fluid is L. The
motion of the object critically depends on the value of the Reynolds number
R =
Lvρ
η
≡ Lv
ν
, (3)
where ν = η/ρ is the so-called kinematic viscosity. The Reynolds number represents
the ratio of the inertial to the viscous forces, so that at small R 1 the viscous forces
dominate. Since the kinematic viscosity is given by the product ν = vT l of thermal
velocity vT and the mean free path l, the Reynolds number is the product of the ratio
of the object velocity to the thermal velocity and the ratio of the object’s size to the
mean free path:
R =
v
vT
L
l
. (4)
The limit of small R can be reached in any fluid of finite viscosity for sufficiently small
and/or sufficiently slow objects, when L v ν.
For example, let us consider the motion of bacteria in water with kinematic viscosity
ν ' 10−2 cm2/s. The bacteria of a ∼ 1 µm size (such as rod-shaped Bellovibrio
bacteriovorus) can propel themselves by a flagellum that makes ∼ 100 rotations per
second, resulting in the velocity of about ∼ 100 µm/s. The corresponding Reynolds
number is R = Lv/ν ∼ 10−4. On the other hand, for a tuna fish of size ∼ 1 m and
velocity ∼ 10 m/s, the Reynolds number is very large, R ∼ 107.
The r.h.s. of Navier-Stokes equation (2) is of the order of ρv2/L, whereas the second
term on the l.h.s. is ∼ η v/L2; therefore their ratio is of the order of the Reynold number
R. This means that in the limit of small Reynolds number appropriate for slow motion
and/or for small objects, the non-linear Navier-Stokes equation is reduced to a much
simpler linear equation describing the Stokes flow, or ”creeping flow”:
−∇P + ν∇2v + fext = 0. (5)
This equation has no explicit dependence on time (other than through the time-
dependent boundary conditions). The resulting flow can be found at any given moment
of time without knowledge of the flow at any other times. Therefore any Stokes flow
solution is also the solution of the time-reversed flow – in other words, all solutions of (5)
are invariant under time-reversal T . This means that there is no entropy produced in the
Stokes flow. A famous illustration of the reversibility of Stokes flow is the Taylor-Couette
experiment in which the mixing of the ink in a viscous fluid by rotating concentric
cylinders can be undone by reversing the direction of the mixer.
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The time-reversal invariance of the Stokes flow implies that the propulsion of a
rotating chiral object described by (1) can be performed in a non-dissipative way. This
fact reveals a striking similarity of the classical problem of propulsion to the new class
of macroscopic quantum phenomena induced by the so-called chiral and gravitational
anomalies in quantum field theory, see [14] for review. In quantum field theory, the
relation (1) arises from the rotation of a system with chiral fermions [13, 9, 16, 15]. The
vector current (1) is generated if the densities of left- and right-handed fermions are
different, i.e. when the parity invariance is broken (”the chiral vortical effect”). This
breaking of parity can be achieved by coupling the fermions to an external gauge field
configuration with a nontrivial topological contents characterized by a non-zero Chern-
Simons number. In fluid dynamics, a non-zero chirality of the background can lead to
the propulsion of chiral solitons along the vortices [12]. We will now utilize the analogy
to quantum physics to get a new insight into the problem of chiral propulsion at micro-
and nano-scales.
The rest of the paper is organized as follows. In Section 2 we discuss the possible
methods of chiral sorting (separation of enantiomers with opposite chirality) that utilize
helical hydrodynamical flows and helical electromagnetic fields; some of them have been
already realized experimentally. In Section 3 we apply the Green’s function method to
evaluating the propulsion velocity at low Reynolds number, and illustrate it by deriving
the Stokes formula for a spherical body propagating in a viscous fluid. In Section 4 we
apply the Green’s function method to the quantitative description of the experimental
data on the separation of chiral nano-scale objects by electromagnetic fields. Finally, in
Section 5 we summarize our results.
2. Chiral sorting
Let us discuss the possible methods of separating the objects of different chirality in
fluids. This is a problem of great importance – for example, in pharmaceutics, since
most of the new drugs are chiral, and it is necessary to obtain chirally pure drugs by
separating different enantiomers. In biomedicine, propulsion of chiral drugs may enable
precise drug delivery.
Any method of chiral sorting has to rely on the breaking of parity invariance. We
may divide the methods of chiral sorting in two broad groups:
I) parity invariance P is broken only by the difference between the left and right
enantiomers, whereas the flow and/or external electromagnetic fields are even under P ;
II) parity invariance P is broken both by the enantiomers and by the flow and/or
external electromagnetic fields.
An example of type I is the chiral separation induced by propulsion (1): since the
coefficient α in (1) is odd under parity, the rotating left- and right-handed enantiomers
will move in opposite directions. An ingenious way to make chiral objects rotate in a
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fluid was proposed by Baranova and Zel’dovich [3], and utilizes rotating magnetic (or
electric) fields. The interaction of rotating magnetic (electric) fields with the magnetic
(electric) dipole moment of the chiral object induces on it a torque that makes the object
rotate. Recently this theoretical proposal was realized experimentally using the colloid
of nano-scale chiral screws [24]. In Section 4 we will provide a quantitative theoretical
description of the results of this experiment.
Type II chiral sorting relies on a parity-odd hydrodynamical flow or parity-odd
configuration of electromagnetic fields. In both cases, one can use the Chern-Simons
three-form to describe the underlying topology; for hydrodynamical flows, it is called
”kinetic helicity” and is given by
K ≡
∫
d3x v ·Ω, (6)
where v is the velocity of the fluid, and Ω = 1
2
∇×v is vorticity. A well-known example
of hydrodynamical flow characterized by a non-zero helicity (6) is Beltrami flow (also
known as Gromeka-Arnold-Beltrami-Childress flow) that is an exact solution of Euler’s
equation with v ∼ Ω. On symmetry grounds one can expect that left- and right-handed
enantiomers will interact differently with the helical Beltrami flow. A recent experiment
[2] indeed observed the separation of chiral colloidal particles in a helical hydrodynamical
flow.
Another possible kind of type II sorting (that has been explored to a much smaller
extent) uses helical external electromagnetic fields characterized by ”magnetic helicity”
HM ≡
∫
d3x A ·B, (7)
and its dual
HE ≡
∫
d3x C · E, (8)
where A is the vector gauge potential, B = ∇×A is the magnetic field, E is the electric
field, and the dual gauge potential C is defined by E = ∇ × C. An alternative, and
explicitly gauge invariant, measure of chirality can be obtained by using the electric and
magnetic fields instead of the gauge potential; the resulting ”optical chirality” [27, 28]
is given by
C ≡
∫
d3x
[

2
E · ∇ × E + 1
2µ
B · ∇ ×B
]
, (9)
where  and µ are the permittivity and permeability, respectively.
Let us mention some possible realizations of helical electromagnetic fields. Perhaps
the simplest is the circularly polarized light. Recently the circularly polarized laser
radiation has been utilized for optofluidic chiral sorting [29].
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Another possibility to realize the optofluidic chiral sorting is to use the parallel
electric magnetic and fields. Note that∫
d3x E ·B = −1
2
∂HM
∂t
, (10)
so that static parallel electric and magnetic fields pump chirality into the system. The
sign of chirality imbalance can be reversed by switching to the anti-parallel fields. One
can also combine a static magnetic or electric field with a rotating one, creating non-
zero HM or HE. The field configuration with parallel electric and magnetic field can be
also engineered optically by combining two counter-propagating laser beams with the
opposite circular polarizations [5].
In any case, to evaluate the resulting propulsion velocities we need a method of
solving Stokes equation for a chiral body under the influence of an external force. In
the next Section we will utilize for this purpose the Green’s function approach that is
enabled by the linearity of the Stokes equation (5).
3. Propulsion velocity: the Green’s function method
3.1. Green’s function method for the Stokes equation
Let us describe the flow of fluid around a rigid body by using the Stokes equation (5)
supplemented by the fluid incompressibility condition
∇ · v(r) = 0. (11)
The linearity of the Stokes equation makes it convenient to solve it using the Green’s
function method. To apply it to (5), one considers the response of the fluid to an
external point force F acting at the origin r = 0,
−∇P + ν∇2v = −F δ(r), (12)
and evaluates the corresponding Green’s function, called the Oseen tensor,
Gij(r) =
δij
r
+
rirj
r3
; (13)
assuming that both the pressure and the fluid flow vanish at infinity; for recent
applications of this method see [19, 26, 20, 18]. For a point force, the corresponding
solution for the velocity field
vi(r) =
1
8piν
Fj Gij(r) (14)
is called Stokeslet; the corresponding solution for pressure is
P (r) =
F r
4pir3
. (15)
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Consider now a rigid body immersed in a fluid. Let us assume that it exerts on the fluid
a continuous force distribution with density f(r) localized on the surface of the body;
the fluid velocity is then given by
vi(r) =
1
8piν
∫
S
Gij(r− r ′)fj(r′)dσ′ (16)
where the integration is over the surface S of the body.
Let us impose the usual ”no-slip” boundary condition on the surface of the body.
In this case the velocity of the body is equal to the velocity of the fluid on its surface:
vbody = lim
r→r ′
v(r), (17)
where r ′ can be chosen as any point on the body’s surface. This trivial observation,
combined with the Green’s function method outlined above, allows to simplify the
computation of the propulsion velocity, as will now show.
3.2. Green’s function method for a sphere in a viscous fluid
To illustrate the method that we will later use to compute the propulsion velocity, let
us first consider the classic problem solved by Stokes in 1851 and find the velocity of a
sphere moving in a fluid at small Reynolds number. Let us assume, following Stokes,
that there is an external force Fext applied to the sphere of radius R along the axis z.
Since we are interested in a uniform motion, the first Newton’s law tells us that this
external force is balanced by the uniformly (due to the symmetry of the problem, see
[10]) distributed drag force with density fz exerted on the sphere by the viscous fluid:
fz = −F
ext
z
S
, (18)
where S = 4piR2 is the surface area; see Fig. 1.
The method that we propose is the following: i) use the Green’s function (Stokeslet)
to write down the expression for the velocity of the fluid, and then ii) evaluate this
velocity at the surface of the object, at a point where the symmetry of the object makes
this evaluation the easiest.
To implement this, let us first write down the component of the velocity field along
the axis z using (16):
vz(r) =
1
8piη
∫
S
[
δzj
|r− r′| +
(rz − r′z)(rj − r′j)
|r− r′|3
]
fj(r
′)dσ′ (19)
The symmetry of the problem makes it easiest to evaluate the integrals in (19) at
points located along the axis of the sphere; for positive z > R, after performing simple
integrations, we find
vz = − 1
8piη
Fz
4piR2
(
4piR2
z
+
4piR2z
z2 −R2 + 2
4piR4
z(R2 − z2) −
4piR4(2R2 + z2)
3z3(R2 − z2)
)
=
Fz(R
2 − 3z2)
12piηz3
(20)
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Figure 1. The viscous fluid flow around the sphere.
Now, in order to find the velocity of the sphere, according to Eq. (17) we evaluate the
velocity of the fluid at the upper tip of the sphere:
vspherez = lim
z→R
vz = lim
z→R
Fz(R
2 − 3z2)
12piηz3
= − Fz
6piηR
=
F extz
6piηR
(21)
This is the Stokes’ law for the velocity of a sphere moving in a viscous fluid at low
Reynolds number.
4. Chiral propulsion at nano-scales by electromagnetic fields
4.1. Hydrodynamics of helical bodies
Let us now proceed to the hydrodynamics of rigid helical bodies driven by an external
torque. Recently such experiments have been carried out with nano-scale screws driven
by rotating electric fields [23, 24], motivated by the theoretical proposal [3]. The
propulsion of helical bodies is a problem of great interest in biology, as this is the
underlying mechanism of locomotion for bacteria and spermatozoa [7, 17, 11, 21, 20],
see [8] for a review. This problem is also of direct relevance for the separation of chiral
enantiomers in pharmacology.
Consider a helix with a torque applied to it along the symmetry axis that makes
it rotate with the angular frequency ω. Due to the breaking of parity, we then expect,
according to (1) that the helix will start moving along the axis of the angular momentum,
which is also the symmetry axis, with a velocity v ∼ ω. Our task is to evaluate the
coefficient in this relation, assuming that the Reynolds number is small and the Stokes
equation applies.
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Figure 2. The propulsion of a rotating helicoid in the fluid.
We will again use the Green’s function method outlined above; however, it appears
that there is an important difference between the treatment of parity-symmetric and
parity-odd rigid bodies in this approach. Namely, for the case of a symmetric body,
such as a sphere considered in section 1, we have not suffered from the short-distance
singularities in the evaluation of the integrals involving the Green’s functions, even
though the Green’s function itself (the Stokeslet) is singular. The cancelation of the
singular terms can be traced back to the symmetry of the body. On the other hand, for
helical bodies, this symmetry is not present, and the singularities do not cancel.
The situation here is quite similar to what happens in relativistic quantum field
theory – the interactions of external gauge fields with chiral fermions present a short-
distance divergence that cannot be regularized in a way consistent with a global chiral
symmetry; this leads to the so-called chiral anomaly [1, 4]. Hydrodynamics is an effective
theory, and the application of the Green’s function method in this case requires an
explicit regularization. Such a regularization in hydrodynamics has been proposed by
Cortez [6], who has replaced the pointlike source by the smeared distribution
φ(r− r′) = 15
4
8pi(ρ2 + 2)
7
2
, (22)
where ρ = ‖r− r′‖, with the corresponding regularized Oseen tensor
Sij(r, r
′) = δij
ρ2 + 22
(ρ2 + 2)
3
2
+
(ri − r′i)(rj − r′j)
(ρ2 + 2)
3
2
. (23)
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The fluid velocity field is then given by∫
vi(r
′)φ(r− r′)dV ′ = 1
8piη
∫
Sij(r, r
′)fj(r′)dS ′. (24)
For distances to the surface of the body that are larger thanRc =
√
5
2
, the regularization
error is O(2); at shorter distances 0 ≤ dist(r,Σ) < Rc, the error is O(). We are
interested in evaluating the fluid velocity at the surface of the body, where the l.h.s.
integral yields ∫
vi(r
′)φ(r− r′)dV ′ = vi(r) +O(). (25)
Let us now specify the shape of the body. As a prototype example of a helical body
we will consider a a finite helicoid, parametrized by
x = r cos θ; 0 ≤ r ≤ R
y = r sin θ; 0 ≤ θ ≤ 2pi
z = dθ
2pi
,
(26)
where R is the radius of helicoid and d is its pitch.
One more thing to specify is the force density distribution around the surface. We
have already assumed that our rigid body rotates with the angular velocity ω, and we
will assume that this angular velocity is created by a uniformly distributed force. Let us
choose z as the symmetry axis of the helicoid (see Fig. 2); we do not push the helicoid
along z, so that the applied force has only x and y components:
f =
F
S
{sin θ, cos θ, 0}. (27)
Knowing this external force and the parametric equation for the surface we can now
solve the Stokes equation and find the fluid velocity using the regularized Stokeslet:
vi(r) =
1
8piη
∫∫
Sij(r− r′)fj(r′)dσ′, (28)
where the regularization error is of order . The velocity of the elements of the helicoid’s
surface are fixed by
v = [ω × r],
where w is the angular velocity and r is the distance from the symmetry axis; for
example, along the x-axis
vy(x) = ω x.
On the other hand, for the fluid velocity we have
vy =
1
8piη
∫∫
Syj(r− r′)fj(r′)dσ′ =
=
1
8piη
∫∫ (
(ρ2 + 22)fy
(ρ2 + 2)
3
2
+
(y − y′)(rj − r′j)fj
(ρ2 + 2)
3
2
)
dσ′.
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Along the x axis, r = (x, 0, 0),
vy(x) =
1
8piη
∫∫ (
fy(r
′)(ρ2 + 22)
ρ2 + 2
+
+
(x′y′ − xy′)fx(r′)
(ρ2 + 2)
3
2
+
y′y′fy(r′)
(ρ2 + 2)
3
2
)
dσ′,
(29)
where the element of the surface is
dσ =
√( d
2pi
)2
+ r2drdθ. (30)
Setting the point r on the x-axis we can express
ρ = ‖r− r′‖ =
√
r′2 + x2 +
(
dθ′
2pi
)2
− 2xr′ cos θ′.
Since we assume no-slip boundary conditions, the velocity of fluid at the surface is equal
to that of the helicod; we thus get a matching condition
lim
x→R
vy(x) = ωR. (31)
We use this condition to express the uniformly distributed force in terms of the angular
frequency ω, for a given geometry of the helicoid.
Let us now proceed to evaluating the propulsion velocity along the z axis; it is given
by an analogous expression
vz(z) =
1
8piη
∫ ∫
(z − z′)(rj − r′j)fj(r)′
(ρ2 + 2)
3
2
dσ′. (32)
Let us choose a point on the z axis, with r = (0, 0, z); we get
vz(z) =
1
8piη
∫ ∫
(z′x′ − zx′)fx(r′) + (z′y′ − zy′)fy(r′)
(ρ2 + 2)
3
2
dσ′, (33)
with
ρ =
√
r′2 + z2 +
(dθ
4pi
)2
− dzθ
pi
.
Again, if we approach the surface of helicoid, the fluid velocity of fluid has to be equal
to that of the helicoid due to the no-slip boundary condition. The unknown force can
be expressed from the equation (29); as a result, the propulsion velocity of the helicoid
is completely determined: along z-axis as a function of angular velocity and geometry.
vz = α ω, (34)
where the constant α depends on the geometry of helicoid and can be found by
performing integrals in (33) and (29). The explicit expression for α is cumbersome,
and we will present below the numerical results.
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An interesting feature of our result is the following: because the force density
f found from the matching condition appears proportional to viscosity η, upon the
substitution of f in the expression for the propulsion velocity (33) we find that the
dependence on the value of viscosity cancels out. Therefore, the propulsion velocity is
entirely determined by the angular velocity of rotation and the geometry of the body,
and does not depend on the viscosity of the fluid as long as the Reynolds number remains
small. This is in sharp contrast with the Stokes law (eq14) for a (non-chiral) sphere, in
which the velocity of motion is inversely proportional to the fluid’s viscosity.
Note however that the independence of the propulsion velocity on viscosity (at
low Reynolds number) is in accord with our analysis of the properties of (1) under the
time-reversal T : since α has to be even under time reversal, it cannot be inversely
proportional to the T -odd viscosity η. This difference between the Stokes law and the
propulsion velocity (1) originates entirely from the chirality.
4.2. Helicoid with a sphere
The chiral colloids used in the experiment [24] may be reasonably well approximated
by a helicoid with a sphere attached to it; see the image in Fig.2 of [24]. We will thus
model the chiral colloids of [24] by rigidly attaching a sphere of radius Rs to the helicoid
considered. To perform the computation, we could simply add the sphere in the surface
integrals of section 4.1. However the computation can be simplified by noting that
rotation of the sphere does not lead to propulsion, and the only effect of the sphere is
to add to the viscous drag force in the z direction. We can thus add the resulting drag
force to the force density distribution:
f =
1
S
{F sin θ;F cos θ;−6piRsηvz}. (35)
Since fz is no longer zero, the formulas for the components of velocity get modified:
vy(x) =
1
8piη
∫∫
Syj(r− r′)fj(r′)dσ′ = ‖r = (x, 0, 0)‖ =
=
∫∫
(ρ2 + 22)fy(r
′)
(ρ2 + 2)
3
2
dσ′ +
∫∫
(y′x′ − xy′)fx + y′y′fy + y′z′fz
(ρ2 + 2)
3
2
dσ′.
(36)
vz(z) =
1
8piη
∫∫
Gzj(r− r′)fj(r′)dσ′ = ‖r = (0, 0, z)‖ =
=
∫∫
(ρ2 + 22)fz
(ρ2 + 2)
3
2
dσ′+
+
∫∫
(z′x′ − zx′)fx + (z′y′ − zy′)fy + (zz − 2zz′ + z′z′)fz
(ρ2 + 2)
3
2
dσ′.
(37)
As before, we find the force F in (35) matching the velocity given by the equation (36)
to the velocity of the rigid body by Eq. (31). We then substitute the value of F into
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(37) and find the relation similar to (34), but with a different coefficient α′ determined
by the modified geometry:
vz = α
′ ω. (38)
4.3. Numerical results
In this section we present numerical results for the problems described above. We have
computed the propulsion velocities for the helicoid rotating around its long axis, see
Table(1), and for the rotating helicoid with a rigidly attached sphere, see Table(2). As
described above, the computations have been done by using the method of regularized
Stokeslet, with the short-distance cutoff for the hydrodynamical description of the order
of the mean free path of water molecules, i.e.  = 10−10 m. Note however that when we
express the force from the expression for the in-plane velocity and substitute it in the
expression for the propulsion velocity, the singular dependence on the cutoff  cancels
out. As we will discuss below, this procedure is similar to renormalization in relativistic
quantum field theory.
d, µm R, µm vz,
µm
s
(θ0 = 2pi) vz,
µm
s
(θ0 = 6pi)
0.7 0.25 1.29 1.35
0.7 0.3 1.33 1.44
0.7 0.35 1.3 1.49
0.6 0.25 1.14 1.23
0.6 0.3 1.11 1.27
0.6 0.35 1.03 1.28
0.5 0.25 0.93 1.06
0.5 0.3 0.84 1.07
0.5 0.35 0.71 1.04
Table 1. The propulsion velocity vz of the helicoid for different geometries at the
rotation frequency of ω =20 Hz. R is the radius of the helicoid, and d is the pitch.
The column marked θ0 = 2pi corresponds to a single-period helicoid of length equal to
the pitch, and the column θ0 = 6pi - the triple-period helicoid of length 3d.
Our model of the helical body with a sphere was designed to describe the colloidal
chiral objects studied in a recent experiment by Schamel et al [24]. In this work, the
chiral dipolar colloidal objects were brought in rotation by magnetic field rotating with
frequency Ω = 5− 80 Hz, and the chiral separation was clearly observed. In Fig. 3, we
compare our theoretical results for the helicoid with an attached sphere, of sizes chosen
to model the shape of the colloidal objects used in the experiment, to the data [24]. We
have assumed that the body rotates with the same frequency as external magnetic field
ω = Ω. This assumption is valid below the ”step-out” rotation frequency [24]
Ωstep−out ≡ MremB
Xη
, (39)
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d, µm R, µm vz,
µm
s
(θ0 = 2pi) vz,
µm
s
(θ0 = 6pi)
0.7 0.25 0.69 0.94
0.7 0.3 0.75 1
0.7 0.35 0.76 1.1
0.6 0.25 0.59 0.23
0.6 0.3 0.61 0.88
0.6 0.35 0.59 0.9
0.5 0.25 0.47 0.69
0.5 0.3 0.45 0.71
0.5 0.35 0.4 0.71
Table 2. Same as Table 1, but for the helicoid with a sphere of radius Rs = 0.2µm
attached to it.
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Figure 3. Comparison of our results for the propulsion velocity to the experimental
data of Ref. [24] for magnetic fields of B = 20 G (black boxes) and B = 50 G (red
circles).
determined by the value of magnetic field B, the remnant magnetization Mrem of the
dipolar colloidal object, viscosity η, and a dimensionless geometry factor X. At higher
frequencies, the helicoid cannot rotate with the angular frequency of magnetic field, that
is seen to occur for the weaker magnetic field of B = 20 G, see Fig. 3.
We have found the optimal ratio of the pitch to the radius of the helicoid that
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maximizes the propulsion velocity; for a single-period helicoid, this optimal ratio is
R ' 0.43 d. We can define the absolute maximum velocity of the helicoid as vmax = dω2pi
– this is the velocity with which the screw with pitch d rotating with a frequency ω
would move in a solid body. In units of this vmax, the velocity vz achievable for the
single-period helicoid described above is vz/vmax ' 0.59, so the propulsion is quite
efficient.
For the triple-period helicoid with the attached sphere of radius Rs = 0.2 µm and
the pitch of d = 0.7 µm, the optimal radius is R = 0.55 d; the corresponding velocity
is vz/vmax ' 0.54 – this means that the attached sphere does not significantly slow
down the propulsion. It is also interesting to note that the propulsion velocity increases
with the number of periods of the helicoid, but saturates and becomes constant for long
helicoids, see Fig. 4.
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Figure 4. The dependence of the propulsion velocity (in units of 100 nm/s) on the
number of periods of the helicoid with a sphere, with rotation frequency of ω =20 Hz.
The pitch of the helicoid is d = 0.7 µm, its radius is R = 0.25 µm, and the radius of
the attached sphere is Rs = 0.2 µm.
5. Summary
Our study of chiral propulsion at low Reynolds number has revealed some interesting
properties of this phenomenon. The most intriguing of them is the independence of
the propulsion velocity of helical bodies on the viscosity of the fluid, as long as the
Reynolds number remains small. This phenomenon appears surprisingly similar to the
chiral anomaly [1, 4] in relativistic quantum field theory: the short-distance divergence
yields a physical relation between the rate of generation of chiral charge and the rate
of change of Chern-Simons number of the gauge field; this relation does not depend
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on the short-distance cutoff. In the framework of hydrodynamics, the short-distance
cutoff is determined by viscosity. We have found that the computation of the velocity
field (analog of the gauge field) suffers from the short-distance divergence, but the
dependence on the short-distance cutoff disappears when we evaluate the propulsion
velocity. As a result, the propulsion velocity appears independent of the viscosity. Note
that the distribution of velocity field for the chiral propulsion is characterized by the
topological Chern-Simons number that is generated with the rate proportional to the
rotation velocity of the helicoid – so the analogy to the chiral anomaly, and to the
associated with it ”chiral vortical effect” [13, 9, 16, 15] is indeed quite close.
The independence of the propulsion velocity on viscosity (at low Reynolds number)
also agrees with our analysis of the properties of (1) under the time-reversal T . Since the
coefficient α that determines the propulsion velocity has to be even under time reversal,
it cannot be inversely proportional to the T -odd viscosity η. This striking difference
between the Stokes law and the propulsion velocity (1) originates from chirality.
We applied the Green’s function method to the description of experimental results
[24] on the propulsion of chiral colloids by rotating magnetic fields, and found a good
agreement with the data. Our analysis of the efficiency of chiral propulsion for different
geometries of the helicoid may be useful for designing microfluidic devices. In particular,
the model of the helicoid with an attached sphere may be used for designing drug
delivery microdevices. The independence of the propulsion velocity on viscosity also
suggests a way to increase the efficiency of chiral sorting by electromagnetic fields: since
the maximal step-out rotation frequency (39) is inversely proportional to viscosity, to
maximize the propulsion velocity one should use the fluids with the smallest available
viscosity for which the Reynolds number is still small.
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